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(These Lecture Notes replace neither the Text Book nor the Lectures)

Part 5
e Complex Eigenvalues.

e Complex Eigenvectors.
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COMPLEX EIGENVALUES and EIGENVECTORS
For a complex scalar A,

det(A—AN)=0<= Az = \x
for some non-zero vector x in C™.
A is called a (complex) eigenvalue and z is called a (complex) eigenvector.
If z is a complex vector in C", then the vector T, whose entries are the
complex conjugates of the entries in x, is called the complex conjugate of x.

Thus, if t =Re x4+ ¢ Im z, then T =Re x — ¢ Im =.

Real matrices with complex eigenvalues:

Let A be a real nxn matrix and A be an eigenvalue of A with a corresponding
eigenvector z in C™. Then A is also an eigenvalue of A with the corresponding
eigenvector T:

Az = \z
Ar = &
AT = AT
AT = M\T

If A is a real matrix, its complex eigenvalues occur in conjugate pairs.

Example: Let A = [ 1 _g ]

a) Find the eigenvalues of A, and a basis for each eigenspace in C?.
b) Diagonalize A.
Solution:

1-A =2

A—AI:[ e

]:>det(A—)\I) = M —4\+5=0,

=2+

4%,/(-42—-4-1-5
A2 = 5
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)\1:2+’i2
) —1—-7 =2 1 1—2
R Ll
(A— 2+ i) )z =0
™ - —1+2
o i) T2 1
] s
1 1
)\2:2—’i2

Since A2 = A1, an eigenvector corresponding to Ao is

b) A= PDP~! where

—1+i  —1—i 2400
po [ o 1
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Theorem: Let A be a real 2 x 2 matrix with a complex eigenvalue A\ = a — bs
(b # 0) and associated eigenvector v in C?. Then,

A= PCP™' where P=[Rev Imv] and C = [ Z _2 ]

Remark: Let A = a £ b. Then,

r =]\ = Va2 + b2, cos = %, sinf = g

0 is the angle between the positive z-axis and the ray from (0,0) through
(a,b).

la —b a/r —b/r r 0 cosf) —sinf
C_[b a] lb/r a/r] [0 r][sin@ COSQ]'

—_————
scaling rotation
1 21, -
Example: The matrix A = | g |Bsa real 2 x 2 matrix with a complex
eigenvalue A = 2 — i, ((a,b) = (2,1)) and associated eigenvector

1)
—1 —1 [ —1 L —1
1 o
~—— ——
Rev Imv

By the above Theorem,
-1 -1 2 —1
_ -1 _ _
A = PCP~" where P [ 1 O]andC ll 2].

Remark: With the complex eigenvalue A = 2 +i = 2 — (—1)3,

((a,b) = (2,—1)) and associated eigenvector

=[] e

-1 1 2 1
_ -1 _ _
A=PCP WhereP—[ 1 O]andC—[ 1 2].
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Example: Let A = [ 8 4

]. Find an invertible matrix P and a matrix

C of the form [ Z

Solution: det(A — X)) =X -4\ +8=0<= A\ =2+ 2.

_2 ] such that A = PCP~!.

M::2—2i:¢(m6)2(22)and(fzzla _2]=:[2 _2].

b 2 2
o[ —242i 1
A—(Q—Zz)l—[ g 2—|—22’]'
141
(A—@—%ﬂn:0¢¢x:l“]:f%
T2 4 4

1+
4

V1 =

:li]+ﬂé]:¢P:[quImm}:lié].

Remark 1: If you start with Ay = 2 + 2i, then

b «a

Lo RN
2 1 2 1 4 4 0

P:ﬁ%wlmw}:ll_w.

1&:2+2ﬁz2—@4ﬂ:¢(QMZ(Z—%:¢Ch:[a_$]:[ 2 2}

Thus

For the matrices P and C, A = PCP™L.



‘A & § Alaca MATH 1104 Linear Algebra Lecture Notes 6

0 3+ 40
Example: Let A = [ 3 A 0
Find the eigenvalues and corresponding eigenvectors of A.
Solution:
A 3+ B B _
det(A—)\I)—‘g_M Y =N =-26=0= A\ =5, A= -5
A =5
1 —3—41
_ ; 5
A_5I:l3—54¢ 3f54zlw .
0 0
(A—5Nz =0
[m] x2[3+4¢]
l’ — _ —
X9 5 5
v 3+ 4i
L
E5 :Span{[ 3+4 ]}
5

)\2 == —52

s 54}

Note that the matrix A has :
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e complex entries,
e real eigenvalues,

e complex eigenvectors vy and vy such that vy # 7.

B 1 | 3+4 34 15 0
A= PDP where P—l 5 5 and D = 0 —5 |-

1 01
Example: Let A= | 0 ¢ 0 |. If possible, diagonalize A.
00 1
Solution: A\ = ¢ is the only eigenvalue of A.
0 01
A—iIl=10 0 0
000
X1 X1 1 0
(A—illx=0<=z=|22 |=| 22 | =21 | 0 | +22]| 1
x3 0 0 0

1 0
E; = Span 01],]1 .
0 0

Since A is a 3 x 3 matrix and has only two linearly independent eigenvectors,
A is not diagonalizable.
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2 0 —4
Example: Let A= | 0 1 0 |[. If possible, diagonalize A.

2 0 -2
Solution:

2—-X 0 —4
det(A—X)=| 0 1-X 0 |=1-NN+4)=0=Ar=1,-2,2i
2 0 —2-=A

Al =1

0 0
o[ T
A-DNr=0<=zx=| a2 | =22 | 1 | =v1=1]1].
S e T AT
)\2——22
2+ 2 0 —4 1 0 -1+
A+ 2l = 0 142 0 ~ 10 1+2 0
2 0 —2+2 0 0 0
T 1—1 1—1
(A4+2il)z=0<=z=| 22 | =23 0 = Uy = 0 )
T3 1 1
)\3:2’i2 L
Since A is a real matrix and A3 = Ag, an eigenvector for Az is
141
V3 =Ty = 0
1
0 1—7 1474 1 0 0
A=PDP™! whereP=|1 0 0 and D=0 —2 0 |.
0 1 1 0 0 2
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-5 6 2
Homework: Let A=| -3 4 1
-5 5 2

Find the eigenvalues and corresponding eigenvectors of A.

Answer: The eigenvalues are \y =1, Ao =1, \3 = —1¢
with corresponding eigenvalues



